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Outline

• Continuous Linear Systems
• Input-Output and State Representations
• Stability in Continuous Systems
• System Characteristics
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Taxonomy of Models
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Continuous Time Linear Systems

• Continuous-Time Systems
– Ordinary differential equation
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• Input-output Representation
– linear  constant coefficient differential equation 
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Examples
• Exponential Growth
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Laplace Transform
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Laplace Transform Table

JD p.78
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Example
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Homogeneous Differential Equations
If the differential equation has no forcing function (i.e. u(t) = 0 for all t), 
then the answer will be a combination of exponentials, e.g.
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Application: Lanchester Attrition
In 1916 F. W. Lanchester proposed a method for calculating battlefield attrition 
which has become the standard model of warfare.
While unit A is fighting unit B, unit B is also firing back, decreasing the amount of 
firepower that A can subsequently direct at B.
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Lanchester Attrition ctd.
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Lanchester Attrition, concluded
a = 1.01, b = 1
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Continuous Linear Systems 
Input-Output Representation

• Transfer Function
– Apply Laplace transform with zero initial conditions
– Algebraic input-output relationship
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Continuous Linear Systems 
State Variable Representation
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Examples
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I/O to State Representation

In general,  consider nth - order system   

The corresponding state representation is:
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State to I/O Representation
Given the state representation:

Use the "differentiation operator"  
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Example – State to I/O
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Example – Verification
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Solution of Continuous 
Linear Systems
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Stability

• Stable: A system is stable if every solution x(t) 
corresponding to u(t)=0 is bounded for all t 
– A stable system remains at rest unless excited by 

external forces and returns to rest after all excitations 
are removed

• Asymptotically Stable: If a system is stable 
and x(t) tends to 0 when t

• Marginally Stable: If a system is stable and not 
asymptotically stable 

• Unstable: If a system is not stable  

x h ( ) ,t B t< ∀

→∞
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Stability Criteria
• Stable Systems: 
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• Stability Tests: 
– Routh test (BD p. 93)
– Hurwitz  test (JD p.116)



23

Routh Stability Test 
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The Routh Criterion: All the roots of the characteristic equation 
have negative real parts if and only if the elements of the first 
column of the Routh table have the same sign.  
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Example I
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Example - II

( )
( )

:
:
, :

q
a

m m
k

q
a

m m
k k

e t
f t

q
a
e f

q a

a

e f

e f

⎡

⎣
⎢

⎤

⎦
⎥ =

⎡

⎣
⎢

⎤

⎦
⎥
⎡

⎣
⎢

⎤

⎦
⎥ +

⎡

⎣
⎢

⎤

⎦
⎥
⎡

⎣
⎢

⎤

⎦
⎥1

p i t c h  r a t e ( a n g u l a r v e l o c i t y )
a n g l e  o f  a t t a c k

e l e v a t o r  a n d  f l a p  d e f l e c t i o n s

p
m m

k
m k m k m

m k m k m

q a

a
q a q a a

q a q a a

( ) det ( ) ( )

( ) ( )

λ
λ

λ
λ λ=

−
−

⎡

⎣
⎢

⎤

⎦
⎥ = − + + −

+ < − >

1

0 0

2

Asymptotic stability:    and

e
f

a

q

V

( )
aaq

aq

aaq
n

n

mkm
km

mkm
s
s

−
+−

−

⋅
⋅
⋅

− 0
1

1

tableRouth



26

Systems Analysis and Design
• System Characteristics

– Degree or extent of system stability
– Steady state performance (response doesn’t approach zero)
– Transient performance (response approaches zero when t       )

• Analysis Methods
– Determine transfer functions for each system components
– Formulate system model by integrating components (Block 

Diagram)
– Determine the system response characteristics (Root-locus, 

Bode-plot, Nyquist, Nichols)

• Design Objectives
– Meet performance specifications
– Frequency/Time domain responses
– Speed of response, relative stability, system accuracy

→ ∞
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Frequency Response Function

For system: if ( ) = where
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frequency response function

– Provide a useful characteristics of system frequency response 
– Provide natural framework to specify desired system properties
– Examples: design frequency selective filters in communication 

systems and audio equipment



28

Frequency Domain Characteristics

H j b j
a j

H j b j a j( ) = ( )
( )

( ) ( ) ( )ω ω
ω
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• Bode Plot (JD. Chap. 15)
– Magnitude versus frequency in log-log scale
– Phase versus log of frequency
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Bode Plot- second order system
Bode Plots of a Second Order System for

Several Damping Values
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Time-Domain Characteristics
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