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SYST611: OutlineSYST611: Outline

• Overview of Non-deterministic Systems
• Review of Probability Theory
• Noisy Linear Systems
• Linear Estimation
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Taxonomy of ModelsTaxonomy of Models
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Non-Deterministic SystemsNon-Deterministic Systems

• Model Uncertainties
– Deterministic models: knowledge of the state at time t0 and the 

input for (t0,t1) yields the state and the output at time t1
– Stochastic models: knowledge of the state at time t0 and the 

input for (t0,t1) yields a probabilistic description of the state 
and the output at time t1

• Examples
– Communication systems: unreliable channel
– Sensor systems: signal plus noise
– Resource sharing systems: multi-user queue

• Mathematical Model
– Probability theory and stochastic processes
– Noisy dynamical systems
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Review of Probability TheoryReview of Probability Theory

• Random Variable
– A variable x, about which we are uncertain, and to which we 

can assign a real number
– Random Vector: A vector of random variables

• Probability Density Function (pdf)
– Define the probability that a random variable x takes on a value 

in an interval [a b] 
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Expectation and VarianceExpectation and Variance
• Expectation (Mean)        =x E x xf x dxx( ) ( )=
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Independent VariablesIndependent Variables

Probabilistically Independent Random Variables: knowledge
about one random variable does not change our uncertainty 
about the other
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Conditional and MarginalConditional and Marginal

• Conditional pdf
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Total Probability Theorem 
and Bayes Rule 

Total Probability Theorem 
and Bayes Rule
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Multivariate Gaussian pdfMultivariate Gaussian pdf
Univariate Gaussian(Normal):      

[ ] =  ,    [ ] =  ,   where  is the standard deviation
Bivariate Gaussian

N - Dimensional Multivariate Gaussian
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Generating Random NumbersGenerating Random Numbers
• Uniform [0 1]

– Available in most computer packages
– Can be used to generate random variables with other 

probability distributions

• Examples
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Noisy SystemsNoisy Systems

Output
uk ykf(x,u,k)

xk+1

Input
g(x,u,k)

xk

D

System error
sources

Output error
sources

System error (plant noise): corrupts the relationship of
xk and uk on xk+1

Output error (observation noise): corrupts the output 
(observation) yk
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Noisy Discrete Linear SystemsNoisy Discrete Linear Systems
Consider the discrete - time linear dynamic system 

where  is n dimensional state vector,   is n dimensional
 vector,  and  is zero- mean white Gaussian 

(plant noise) with covariance  
The measurement equation is
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Discrete System ExampleDiscrete System Example
Consider 
with  E[  and 
By definition,  it is a Markov process

in fact,  
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Linear EstimationLinear Estimation

• Estimation: the process of inferring the value of a quantity 
of interest from indirect, inaccurate, and uncertain 
observations
– Determine model parameters for physical system - 

system identification
– Determine position and velocity of target - tracking
– Determine message characteristics from noisy channel - 

communication

• Filtering: the estimation of the state of a dynamic system
– To obtain “best estimate” from noisy data
– To “filter out” or to eliminate undesired signal

• Optimal Estimator: the algorithm that yields an estimate 
of interest which minimizes a certain error criterion
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State EstimationState Estimation

Dynamical 
System

Measurement 
System

State
Estimator

System error
sources

System 
state

Measurements

Prior information

State Estimate

Measurement
error sources

Input
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Bayesian vs. Non-Bayesian ApproachBayesian vs. Non-Bayesian Approach
To estimate parameter  given measurements
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Maximum Likelihood and 
Maximum A Posterior Estimates 

Maximum Likelihood and 
Maximum A Posterior Estimates

Non Bayesian :

Bayesian :
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Maximum Likelihood Estimate (MLE ):
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ML Estimator ExampleML Estimator Example

For example : (parameter estimation )
Given a static parameter  with Gaussian prior

with observation model :    = + ,

where  then with ML estimator
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MAP EstimatorMAP Estimator

With MAP estimator  assume  and  are independent
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Communication Channel ExampleCommunication Channel Example

Noisy ChannelX

W
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MAP Estimate ExampleMAP Estimate Example
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