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Markov Process and Markov Chain

Markov Processes: if the future of the random process given
the present is independent of the past, i.e.,

with t, <t, <...<t, <t,,,

Discrete state?(a < X,,, < b|X, , X1, X )=P@s X, sbx )
Continuous statef, (X.,|X X g X )= £ Kea K )

This is known as conditional independence theeshfx, .,

is conditionally independentxf,,...,.x, givep

Markov Chain: a discrete state Markov process, for time-
invariant Markov chains, we have

Transition Probabilitie : P; = P(X,,, = j|x, =i) for 1<i,j< N, k=0,12,...
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State Transition Diagram

Two-state Markov chain
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Three-state Markov chain
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Transition Probability Matrix

Py P 0 Paw

P N
P= p:21 p:22 N pr , where} ' p, =1
: =

Pve Pnz 0 Pw
Note that probability theory requires that the r@i/® sum to 1.0;
this is called atochastic matrix.
= (D A(P) are all real, ) ,(P) =1
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/The n-step Transition Probability

.

1-step transition
n(k) =n(k-1)P
wherem(k) =[m,, 7T, ,..., 7T, ] isthe state probability (pmf)

2-step transition probability

N
P(2) = P(Xp = 1% =1)= 2 P (K = ] Xy =MiX, =1)
nEL

N
=D P(%ep = 1% =MX 1P, =mix, =i)
mEL

=D Pz = i1 =MP(X, =mix =i)= Y P, OR; W)= P(2=P(JP()=P?

For n-step transition, icbest

P(n) = Pn:>]7'(n) :n(n—l)P:n(n—Z)P[lP:...:n'(O)P”
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Classes of States

We say thattate] is accessblefrom statei if for some= 0,

Rj(n) >0, that is, if there is a sequence of transitionsfrdoj

that has nonzero probability. We say tatei and j communicate
if they are accessible to each other.

We say that two states belong to the seliass ifdcbeymunicate.
A Markov chain that consists of a single classaitedirreducible.

A statei is said to beecurrent  if the process returns tctiie with
probability 1, otherwise, it is said to trnsient.

A statei is said to hayeeriod d if it can only recur atetinthat are
multiples ofd, ifd =1, it is callecperiodic.
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Some Markov Chains

A three-class Markov chain [\
2
CIOL/l D 3

Periodic Markov chain

>
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Limiting Probabilities

Limiting Theorem: for an irreducible, aperiodic, recurrent
Markov chain, the state probability will reacha st eady (equilibrium)
state pmf 7Isobtained as:

lim 77(n) = m(0)P" = 77, or

lim 7z(n) = m(n -1)P = m, = m,P

=>Pm'=mn'= (P-1)m'=0

which indicates that 2 = 1lisone of the eigenvalue sof P,

and the correspond ing normalized eigenvecto r isthe steady
state of the Markov chain

Note that the steady state does not depend onthe i nitial state
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Steady State Example \

Power station load: on any given day, the station could be on
full load or not, denoted as F and N respectively, and the load varies
such that it can be represented as a Markov process with the
transition matrix

F N 92
_ N
P= F 0.6 04 0.6 %ND 0.8
N|[[0.2 08
- a4
7(n) = mn-1)P= mn- 2)PP=--= m{ QP"
0.6 04} , _[044 O.Eﬂ s {0.376 0623 . {0.3504 06491
p2 = p3 = p4=
02 a8l 1028 Q72 0312 0684
0.3402 0659 03361 0663 ]
0.3299 06707 0.3320 06680 "

= ) = mOP" =[%,24
-0.4

. _ Q2] _ L _
Infact, @ 1)x=| _OZX—OQX—[%,% (eigenvector fod =1) /

0.3248 0675

0.3333 0666
, for n>11
0.3333 0.6667|

butP:{

5

6 _
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Weather Model

Weather: on any given day, the weather of a city can be eith  er
sunny, cloudy, or rainy and is modeled by the follo wing diagram.

(\0.25

P % 0 05 025
c|lx % % ﬁQ@
R 0 % % O'SC D

5 375 125 A22 399 179 405 401 .194
P2=|.375 438 .187|P*=|.398 .403 .199|P°=| 4 .401 .199|--
| 25 .375 .375 359 .399 .242 39 4 21

(4 4 2
P"=|4 4 2|forn>15

|4 4 2
= 71(n) = O)P" =[. 4, 4, 2] /
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Transient Behavior

System failure without repair:  on any given day, the system
could be either up or down, denoted as U and D resp  ectively, and
assuming it behaves according to the Markov process with the

transition matrix:
Uu D
0.1
0.9 @—» D> 1.0

09 01
0.0 10
) = N -1)P = 71(n - 2P [P =..= 7(OP"
butP:|:0.9 0.1:| P2:{0.81 01§‘| ,,,,, Pn:{(o_g)n 1_(09n:|

p=U

0.0 10[ 00 10 0.0 10
= 71(n) = MO)P" =[774(09", 7Ty(1-(09") + 7] = lim 7(n) =[ O L
. . _[-01 a0] _ .
In fact, P'- I)X_{O.l 0.0:|X—02X—[0,]]

In general, the steady state may not be unique, may depend on the initial sy
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What is Reliability

. Reliability: the probability that the system will perform its
required function in the desired manner during the time
intervals when it is required to do so

— A desirable quality to measure performance
— Standard of reliability is in general proportional to cost
— An economic balance needs to be made

* Risk Factor: high risk requires high reliability

— Large invested capital: chemical plants, electrical power
supply systems

— Risk to human life: aircraft systems, nuclear power plants

* Reliable System Design: optimal design subject to
budget constraint

/
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Reliability Analysis

Standard Analysis: examines components or subsystems
in parallel or in series

A B

Reliability of syster =R = P(systemu )
= P(systemup| Aisup )P(Aisup)+ P(system up| doisn )P (A is down )
=P(Bisup)P(Aisup)=R R

A

B

Rg = P(systemu] Aisup )P(Aisuf )+ P(systemu Aisdowr )P(Aisdowr )
=1[P(Aisup )+ P(Bisup )P(Aisdown )

=R, +Rs(1-R) =R +R-R R /
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Total and Partial Redundancy

» Total Redundancy: the system will operate if one or
more of the subsystems operate

Ra=1-Ug,=1-UU,..U, =1~ |‘l 1-R)

* Partial Redundancy: the system will operate only if
more than a minimum number of subsystems operate

Assuming all subsystems have the same reliabiRRjesd at least
k out ofn subsystems need to operate in order osylstem to work,

/

then R, = ;c,“Rg(l— R)"™ = Z”(nnil), Ry(1- R)™

i=k
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Reliability Design

Systems Design: with a reliability model, optimize the
allocation of a given resource to various redundant items to
improve system reliability

— Maximize system reliability subject to budget const raint
— Achieve a desirable reliability with minimum budget
Example: A system comprises two stages. Components can
be reproduced in parallel in both stages. The prob  abilities
that, at any time, a component is functioninginst  age 1 and 2

are pl and p2 respectively. The component costs ar e ¢l and
c2. The total budget is B.

So the problem becomes:

Maximize R =(1-(1-p ) 1-@Q-p %)

K subject to n,c, +n,c, < B /
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Markov Chain for Reliability Analysis

State Space: (system with standby component)

(1, 1) - one component working, one in standby
(1, 0) - one component working, one down and beingr  epaired
(0, 0) - both components down and being repaired.

Transition Probabilities:

f: the probability of either of these components wi Il fail in a unit
time period while operational

r: the probability that a component that has failed will be repaired
in a unit time period, when both components fail, d ouble the crew
and consequently double the repair probability to 2 r

f f
1-f @ ? @ 1-2r
K r 2r /

1-f-r
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System Availability

1-f f 0
Transition Matrix: P=| r 1-f-r f
0 x 1-2

If our uncertainty about the state of the systemre  aches an equilibrium,
then

1-f f 0
”eqz[’Tll m, Myl=[m, m, ”00]|: r 1-f-r f ‘|
0 2r 1-2r
”11=(1_f)”11+r”10 = ”11=”10r/f
T, = f”11"'(]-_ f _r)”10+2r”00
My =t + (1=-2Nm = My = Mf /21
Myt t i, =1

T, =2t J(F2+2rf +2r%),m, = 2rf /(2 +2rf +2r%),m, = F2/(F2+2rf +2r7%)

System availabili ty = 7, + /1, = (2r® +2rf ) [(f* + 2rf +2r?)

/
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Limiting Behavior

Consider a system with two failure modes and no rep air capability as
shown in the figure below with the transition proba bility matrix:

0.7 02 01 0.2 FDLO
P=/0.0 10 00 o.7@/

0.0 00 10 }‘FD“’
7i(n) = 7(0)P"
0.7 02 Q1 049 034 01 0.0 0667 033
butP=|0.0 10 QO,P>*={00 10 QO0}....P*=|/00 10 Qo0
0.0 00 10 00 00 10 00 00 10
= !\'[Tl 7(n) = 7(0)P" :[0%7701 + ”ozr%”m + 7Ty
-0.3 00 QO
Infact, P- I)x={ 0.2 00 Q0x=0=>x=[010Q" or x=[0012
01 00 QO

The steady state can be any point on a line segiepeinding on the initial state

~
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