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Introduction

hazards
the extreme within the resource available
reliability, minimize risk)

required

o

* Resource Allocation: distribute resources to users so
that the highest level of a specified objective can

— Factory organization for maximum productivity
— Spacecraft flight plan to minimize fuel consumption
— Security and safety procedures to minimize risks and

be achieved

» Optimization Problems: to achieve a performance in
— Given budget resource, optimize performance (maximize

— Given specification of performance, minimize the cap ital
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Optimization |

* Problem Formulation: translate the desired
system performance specifications and constraints i nto
a mathematical form

— Set up objective function _ (revenue, yield, cost,
reliability, etc.)

— ldentify control variables
— Specify constraints

» Optimization Techniques:
— Unconstrained optimization

— Constrained optimization
— Path optimization (optimal control)
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Unconstrained Optimization |

Problem: MinimizeC(u), whereu =[u,...,u, ]

second - order Taylor series expansion

C(u) =C(uy) +C,(up)(u—ug) +3(u- UO)TCuu(u J(U—ug+E(u-uy
where

C.(Ug) =0C(ug) =[C, (uy), C (uy),....C, (Uy)]

= [Zﬁ , 0052 yeen ,;il:u is calledgradient
: o Gl T e
Cuu(ug) =0%C(uy) = C: L= A, | is calledHessian

o Cumum /
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Examples |

(1) C(x1,X,) = 2x2 + 2x,X, + X5 —10x, —10x,

0X 4

a%C a°C 2 2

a°C a2C
DZC — ale axlaXZ _ |:4 2:|

0X,0X» %%,

(1) C(Xq,X5) = 2X2 = 6X, + X5 = 2X,X,
OC =[4x, -6-2x, 2%, - 2X,]

) 4 -2
n2c =
-2 2
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Local and Global Minimum |

Local Mini mum:

A point uy is said to be a relative or local minimifrthere exists
ane > 0, such that C(#) Cqu ) for all u, such thatyg|<e

and uJQ . This definition says that if we can dravadpitrarily

small box around our poinjyu and no other valueS(of within

that small box have a lower value than g£(u ), therhave a local
minimum.

Global Minimum :

A point u* is said to be a global minimum if C@) (€ for all udQ.
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Necessary and Sufficient Conditions |

Local Minimum :

Necessary conditions:

first-orderdC(xp) =0 &g :critical point)

second-orderC,,(xg) =Q is positive semidefiniteT(x x 00,£x 0)
Sufficient conditions:

first-orderJC(xg) =0

second - ordeIC,, (xg) =Q is positive definite’(x ®x [0,zx 0)

Global Minimum: X2

compare all local minimums
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Example |

min C(Xq,X,) = 2XZ = 6X; + X5 — 2X,X,
0C = [4x, -6-2x,, 2x,-2x;]=[0 0]
= X; =X, =3 (critical point)

5 4
Q:DC: 5 2 ,DXl,XZ?fO

X
= [x1 Xz]Q{Xl} = (2x, = X,)?2 +x5>0
2

= Q is positive definite
= X; =X, =3is a local minimum
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Constrained Optimization |

Equality Constraints

Minimize f (x)

hy (x)
subject toh(x) = : =0

h,(x)
Inequality Constraints

Minimize f (x)

hy (x)
subject toh(x) =

9,(x)
: <0

} =0 and(x)=
9,(x)
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Lagrange Multipliers |

Equality Constrain :
Minimize f(x)
subjectto h(x) =0

Lagrangian : 1(x,A)= f(x)+ Ah(x)
Necessary conditions for local minimum
first-order: 0O,l1(x,A)=0,f(x)+A0,h(x)=0
O,1(x,A)=h(x)=0
second -order:
021(x,A)|,, =L(x)], is positive semidefinite
Sufficient conditions for local minimum
first -order: same as above
second -order 02I(x,A)|,, = L(x)|, is positive definite
where M ={:0 h(x)y =0}

~

13

Example |

Minimize -&;Xo + XoX3+ X3Xq)
subject to x; + X, +X3=3

Lagrangian: [(x,A)==(XyXp + XoX3+X3X1) + A(X1+ X o+ X3~ 3)
conditions

first-order: Oyl(x,A)=0,1(x,A)=0= Xy =Xy =x3=1, A =2
second - order:

0o -1 -1
L(X){:% _01 —01} M={:[0h0ly =0} ={y. y1+ Y2 +y3= O

SYTLY = Yi(-Yo —Ya) * VoY1= YD +Y LY 1-Y A= YE +Y5 +Y5 >0
= solution is at least a local minimum
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Inequality Constraints | \

Inequality Constrain:
Minimize f (x)
subject toh(x) =0, g(x)< 0
Lagrangian: [(x,A, )= f(x)+ Ah(x)+ ug(x)
Necessary conditions:
First - order Kuhn-Tucker Conditions) : ik, is a local minimum,
then avectod and avector=0  such that
0, () + AT, h(X) + 40,9(x,) = 0
H3(%,) =0
second - order:
O21(x,A, ) = L(x,) is positive semidefinite on the tangent
subspace of the active constraintxat
Sufficient conditions for local minimum
first-order: same as above

second - orderZI(x, A, 4) = L(x,) is positive definite /
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Example |

Minimize 2x° + 2x,X, + X5 —10x, — 10x,
subjectto X+ %<5, 3x, +X,< 6

first - order : 4x, + 2x, — 10+ 2u.x,+ 34,= 0
2%, +2x, - 10+ 2ux,+u,= 0
H#, 20, 4,20
.ul(xlz +X§ -5)=0
M (3%, +X,-6)=0

assuming first constraint is active
=X =1x,=2,u4,=Lu,=0
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Lagrangian Relaxation |

Separabl€ostFunctionandConstrains:
Minimize f(x) =) f(x)
subject toh(x)=>_h(x) <0

Lagrangian : [(x,A) = f(x) + Ah(x)
min|(x,4) =min 3" [f (x) + Ah(x)]

= > min[f (%) + Ah(x)]

simpler

o

(1) The decomposed optimization problems become triv ial
(2) Search over the Aspace instead of the x spac e, itis much

~
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Numerical Optimization Techniques

» Motivation: analytical solution may not be feasible
— Cost function may not be differentiable
— Evaluating the expression for the derivative may be
difficult
* Algorithm Properties:
— lterative in nature
— Descending in sequence

— Globally convergent is desirable but often not
achievable

* Numerical Techniques:
— Search methods

K — Gradient methods
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Search Methods |

Constructing shrinking bounding intervals

Fibonacci, Golden section
Often improved by curve - fitting line search
Basic property of unimodal function:
Q) iff(x)> f(x,)= x*0O[x, U
(2) iff(x) < f(x,)= x*0O[I,x)
3 iff(x) = f(x,)= x* O/ x, XJ

f(x)

X1 X2 u

~
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Gradient Methods |

» Steepest Descent: oldest and most widely known
method for minimizing multi-variable functions

— Simple and not difficult to analyze

— Many modifications on the basic technique exist for
better convergence properties

* The Method:

To minimizef (x)
Xy = Xy — @9y Whereg, = Df (X, )

anda, is a nonnegative scalar minimizi, — a,9,)

~
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/ The Quadratic Case | \

Consider f(x)=1x"Qx-x'b

= g(x) =0f(x) =Qx-b

but f(X,.,) = f (X, —a,9y)

= (X _akgk)TQ(Xk —a,9;) (X _akgk)Tb

which is minimized ata, = 2% 9«
g, Qg
]
= Xy = X, —(%Ajgk where g, = Qx, -b
9, Qg

- /
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Example | |

B 1(x,%,) =} 4%+ ~66+30 %(0= 4%,(9= 1

OF(xO)=[24 -4 2,- 6 =[4 - § x(1=x( 0~ ax,(=x( P+ &
f(x()=(4-40? - 44- @)+( 4)°- 6% &)+ 38 3P¥- 32+ 25h(a)
minh(a) = a=05=x ()= 2x,()= 3

45 ¢

35

2571
2r ©
15§

x1
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Example Il |

Ex:f (%, %) =2 —6% +)X —2x%;% (0) =0,%,(0) =0

O (x(0) =[4x% ~6-2¢ 2 -2x],,=[-6 Ax 1 =x(0)+6a,x0)=x0)+0a
f(x(1) = 2(6a)? - 6(6a) + (0)° — 2(62) (0) = 720* ~36x=h(0)

mirh(a) =a = 025=x () =15x,1) =0

OF (x(1) =[44~6-2¢ 2,-2x],,=[0 ~Fx @ =x1)+0a% Q) =x1)+3
f(x(1) = 2015 - 6(L5) + (3a)’ - 215 (3a) =9%a* -9 - 45=h(a)

mirh(a) =>a=05=x1)=15x,1) =15

~
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Newton’s Method |

Approximate the function locally by a quadratic ¢tion
FO) O () +DF (X ) (X - %) +5 (X=X, ) F(X)(X-X,)

the right - hand side is minimized at
X, = X, —[F(x,)]™0f(x,) O Newton's Method

For real quadratic functiond (x) =1 x' Qx-x'b

= X =Xy~ Q_l(QXk -b)= Qb
reach solution ilone iteration

~
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Example |

Ex:f (X, %) =2 ~6x 5 ~2x%,:%,(0) =0,(0) =0
4 -2
O (x(0) =[4 ~6-2%, 26 -2x]=[-6 d,sz(x(O):[_2 }

2
R . o5 05[-6] [-3
[21 (x(0)| " (x(0) _[05 110}_[_3}

xD=x0-(3=3%x0=x0-(3=3

~
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