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SYST611: Outline

• Concepts and Introduction

• Resource Allocation and Optimization

• Unconstrained Optimization

• Constrained Optimization

• Numerical Techniques
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Introduction

• Resource Allocation: distribute resources to users so 
that the highest level of a specified objective can  be achieved
– Factory organization for maximum productivity
– Spacecraft flight plan to minimize fuel consumption
– Security and safety procedures to minimize risks and  

hazards 

• Optimization Problems: to achieve a performance in 
the extreme within the resource available
– Given budget resource, optimize performance (maximize  

reliability, minimize risk)
– Given specification of performance, minimize the cap ital 

required
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Optimization

• Problem Formulation: translate the desired 
system performance specifications and constraints i nto 
a mathematical form
– Set up objective function (revenue, yield, cost, 

reliability, etc.)
– Identify control variables
– Specify constraints

• Optimization Techniques:
– Unconstrained optimization
– Constrained optimization
– Path optimization (optimal control)
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Unconstrained Optimization

Problem: Minimize  where   

second - order Taylor series expansion
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Examples
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Local and Global Minimum

Local Mini mum

Global Minimum

:  

A point u  is said to be a relative or local minimum if there exists 

an  >  0,  such that C(u) C(u ) for all u,  such that |u- u |<  

and u .   This definition says that if we can draw an arbitrarily 

small box around our point u  and no other values of C(u) within 

that small box have a lower value than C(u ),  then we have a local 

minimum.

:

A point u *  is said to be a global minimum if C(u) C(u*) for all u .   
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Example
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Necessary and Sufficient Conditions

Local Minimum
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Necessary conditions:

first - order   ( :critical point)

second - order   is positive semidefinite (x Qx 0, x 0)

Sufficient conditions:

first - order    

second - order   is positive definite (x Qx 0, x 0)

:

compare all local minimums
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Example

[ ] [ ]

[ ]

minimumlocalaisxx

definitepositiveisQ

xxx
x

x
Qxx

xxCQ

pointcriticalxx

xxxxC

xxxxxxxC

3

0)2(

0,,
22

24

)(3

0022,264

262),(min

21

2
2

2
21

2

1
21

21
2

21

1221

21
2
21

2
121

==⇒

⇒

>+−=







⇒

≠∀








−
−

=∇=

==⇒

=−−−=∇
−+−=

12

Constrained Optimization
Equality Constraints

        Minimize  

        subject to  

Inequality Constraints

        Minimize  

        subject to  and
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Lagrange Multipliers

Equality Constraints:
          Minimize  
          subject to  

 

first - order :      

second - order :  
      is positive semidefinite

first - order :      same as above
second - order :   is positive definite
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Example

          Minimize  - (

          subject to  
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Inequality Constraints
Inequality Constraints:
          Minimize  
          subject to  

 

First - order ( Conditions) :  if  is a local minimum ,  
then  a vector  and a vector  such that
             
                                 
second - order:  
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Example

Minimize  2x + 2

subject to  x x

first - order :  
                    
                         

                    
                    

assuming first constraint is active

1
2

1

1
2

2
2

1

x x x x x

x x

x x x
x x x

x x
x x

x x

2 2
2

1 2

2

1 2 1 1 2

1 2 1 2 2

1 2

1 1
2

2
2

2 1 2

1 2 1 2

10 10

5 3 6

4 2 10 2 3 0
2 2 10 2 0

0 0

5 0
3 6 0

1 2 1 0

+ − −
+ ≤ + ≤

+ − + + =
+ − + + =

≥ ≥
+ − =
+ − =

⇒ = = = =

,

,

( )
( )

, , ,

µ µ
µ µ

µ µ
µ
µ

µ µ



9

17

Lagrangian Relaxation
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Numerical Optimization Techniques

• Motivation: analytical solution may not be feasible
– Cost function may not be differentiable
– Evaluating the expression for the derivative may be  

difficult

• Algorithm Properties:
– Iterative in nature
– Descending in sequence
– Globally convergent is desirable but often not 

achievable

• Numerical Techniques:
– Search methods
– Gradient methods
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Search Methods
Constructing shrinking bounding intervals

   

Often improved by curve - fitting line search

Fibonacci,  Golden section

   Basic property of unimodal function:
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Gradient Methods

• Steepest Descent: oldest and most widely known 
method for minimizing multi-variable functions
– Simple and not difficult to analyze
– Many modifications on the basic technique exist for  

better convergence properties

• The Method:
To minimize 
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The Quadratic Case
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Example I
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Example II

0 1 2 3 4 5

0

1

2

3

4

5

x2

x1

[ ] [ ]

[ ] [ ]

5.1)1(,5.1)1(5.0)(min

)(5.499)3)(5.1(2)3()5.1(6)5.1(2)(

3)1()2(,0)1()2(,3022264)(

0)1(,5.1)1(25.0)(min

)(3672)0)(6(2)0()6(6)6(2)(

0)0()1(,6)0()1(,0622264)(

0)0(,0)0(;262),(:

21

222

22111221

21

222

22111221

2121
2
21

2
121

==⇒=⇒

≡−−=−+−=

+=+=−=−−−=∇
==⇒=⇒

≡−=−+−=

+=+=−=−−−=∇
==−+−=

xxh

hf

xxxxxxxxf

xxh

hf

xxxxxxxxf

xxxxxxxxxfEx

αααααααα
αααααααααααααααααααα

αααααααα
αααααααα

αααααααααααααααααααααααα

αααααααα

x(1)

x(1)

x(1)

x(0)

x(1)

x(0)

 

24

Newton’s Method

Approximate the function locally by a quadratic function

the right - hand side is minimized at
Newton' s Method

For real quadratic functions   
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Example
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