Feb 28th, 2005

SYST683 Homework - Session 5

Given two forces (X and Y) fighting a square-law battle where the time between casualties is a random Markov process, with X force starting strength m0=3 and Y force starting strength n0=2, where Y entities kill X entities at a rate of a=0.003 kills per time period and X entities kill Y entities at a rate of b=0.004 kills per time period, determine the probability that at time t=2, the X force will have 2 entities remaining and the Y force will have 1 entity remaining.

Use the boundary conditions:

P(t=0,m=m0,n=n0)=1.0

i.e., the probability is 1.0 that at time t=0, 
m will be m0 and n will be n0.

P(t=0,m≠m0,n≠n0)=0.0

i.e., the probability is zero that at time t=0,







m and n will not be at there initial values.

Use the forward Kolmogorov equation:


P(t+Δt,m,n) = P(t,m,n)(1-anΔt-bmΔt)+P(t,m+1,n)anΔt+P(t,m,n+1)bmΔt 
which recursively describes the probability that at the next time t+Δt (where Δt is “sufficiently small” that no more than one casualty can occur during Δt), the system will be at state (m,n).

Given the values for a and b, we can take Δt to be equal to 1 time unit.
One approach is to work your way from t=0 onward, computing the probabilities for each possible state the system can be in.  
An alternate approach, more efficient for hand computation, is to work backwards starting at P(2,2,1), write the forward Kolmogorov equation for that state, recursively solve for each unknown element of the equation, then work forward substituting the known values into each equation.
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ANSWER: At time t=2, the probability that the X force has 2 entities remaining and the Y force has 1 entity remaining is 0.000084.

The values computed are shown as follows:

	m
	n
	t=0
	t=1
	t=2
	t=3

	3
	2
	1.0
	n/a
	n/a
	n/a

	3
	1
	0
	0.012
	n/a
	n/a

	3
	0
	0
	n/a
	n/a
	n/a


	m
	n
	t=0
	t=1
	t=2
	t=3

	2
	2
	0
	0.006
	n/a
	n/a

	2
	1
	0
	0
	0.000084
	n/a

	2
	0
	0
	n/a
	n/a
	n/a -


NOTE: cells marked n/a are not applicable to this problem – their probabilities are not computed here.
_1171099405.unknown

